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1 Introduction
This is a brief report on the results in [1].
Let us consider two electrons coupled with longitudinal optical (LO) phonons
in a 3-dimensional crvstal now. Then, in generaL an electron is dressed in a
$I)1_{1}onon$ cloud because of the electron-phonon $interaction$ . The dressed elec-
tron is the so-called $polar\cdot on[2.3]$ . If the Coulomb repulsion between the two
electrons is strong enough. the two electrons are so far awav from $eac^{\backslash }1_{1}$ other
that each electron dresses itself in an individual phonon cloud. Thus. there is
no exchange of phonons between the two. On the other hand. if the distance
between the two electrons is so short that a common phonon cloud $gra\prime s_{I)S}$
both electrons, then the phonon-exchange takes place. In this $c\cdot ase$ . there is a
possibilitv that. at,traction appears between $t1_{1}ema\prime nd$ thus we can expect that
thev are bound to each other. The bound two polarons is called a bipolaron
[4, 5. 6. 7. 8. 9]. We consider the tug of war between the two electrons.
The total Hamiltonian $H_{BF}$, of bipolaron we consider is given by
$H_{BP}=H_{e1-p[}+H_{ph}+H_{e1- ph}$ . (1.1)
where
$H_{e1-e1}= \sum_{j=1,2}\frac{1}{2m}p_{j}^{2}+\frac{U}{|x_{1}-x_{2}|}$ , (1.2)
$H_{ph}= \sum_{k}\hslash\omega_{k}o_{k}^{1’}a_{k}$
, (1.3)
$H_{e1-ph}= \sum_{j=1.2}\sum_{k}\{I_{k}e^{ik\cdot x_{j}}a_{k}+\dagger_{k}^{r*}e^{-i\cdot k\cdot\alpha_{j}}a_{k}^{\uparrow\}}$ . (1.4.)
In Eq.(1.2). $x_{j}$ and $p_{j}$ denote the position and momentum operators of $t_{\mathfrak{l}}hejth$
electron $(j=1.2)$ of mass $n?$ . respectively, so $p_{j}=-i\hslash\nabla_{x_{j}}$ . The symbol $U$
stands for the strength of the Coulomb repulsion, so $U\equiv e^{2}/\epsilon_{\infty}$ for the electric
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charge $e$ and $t$,lle optic dielectric constant $\epsilon_{\infty}$ . In Eq.(1.3). $0_{k}$ and $a_{k}^{1}’$. are the
annihilation and creation operators, respectively. of the LO pholion with tlle
lnomentum $\hslash k$ . Since phonons are bosons. $a_{k}$ and $a_{k}^{\dagger}$ satisfy the canonictal
colnmutation relation. We can set the dispersion relation $\llcorner\vee^{1}\lambda^{\wedge}as\omega_{k}=u’,\iota 0$
because the LO phonons can be assumed t,o be dispersionless. In Eq.(1.4). \ddagger
is defined by $V_{k}$. $:=-i\hslash\omega_{LO}(4\pi\alpha r_{fp}/k^{2}\dagger^{\gamma})^{1/2}$ for tlie crvstal voluie V‘ and the
free polaron radius $r_{fp}\equiv(\hslash./2m\omega_{LO})^{1/2}$ . The dimenslonless electron-phonon
coupling constant is
$\alpha$ $:= \frac{1}{\hslash\omega_{LO}}\frac{e^{2}}{2}(\frac{1}{\epsilon_{\infty}}-\frac{1}{\epsilon}0)\frac{1}{r_{rr}}$ (1.5)
where $\epsilon_{0}$ is the static dielectric constant. We define the ionicity $\eta$ of $t_{\downarrow}he$ crystal
by $\eta$ $:=e_{\infty}/\epsilon_{0}$ . so $0<\eta<1$ . Then, the strength of the Coulomb repulsion is
rewritten as $U=\sqrt{2}c\nu/(1-\eta)$ . We note the wave vector $\lambda$. in $\sum_{k}$ rums over the
first Brillouin zone because we consider the t,wo-bodv system of large polarons.
From now on. we use the natural units $\hslash=m=\omega_{LO}=1$ in this report.
Using the well-known conversion of sums to integrals. we est,imate $\sum_{k}|V_{k}|^{2}$ at
$\sqrt{2}$ a $A’/\pi$ , where $K$ means the radius of a sphere of the first Brillouin zone.
Using the $approxima,t|ion$ of the Fourier expansion. $\ddagger/^{t}/(4\pi|x|)\approx\sum_{k}e^{ik\cdot x}/k:^{2}$ ,
we have
$\sum_{k}|\dagger_{k}^{r}|^{2}\epsilon^{ik\cdot x}\approx\frac{0’}{\sqrt{2}|x|}$ . (1.6)
We often use this approxima,tion (1.6).
In this report we say $H_{BP}$ has a ground stat$(’$ if $H_{BP}$ has an eigenvector
of which eigenenergy is the lowest point spectrum of $H_{BP}$ . We note $H_{BP}$ has
translation invariance. Thus, to give a possibilitv that. $H_{BP}$ has a ground state.
we put a device in the interaction Hamiltonian:
$H_{e1rightarrow ph}( \rho)=\rho(x_{1}+x_{2})\sum_{j=1.2}\sum_{k}\{]/^{r_{k}}e^{ik\cdot x_{j}}a_{k}+1_{k}^{\gamma*}e^{-ik\cdot x_{j}}a_{k}^{1}\}$ .
where $p(x)$ is a function satisfying $0\leq\rho(x)\leq 1$ . We employ $H_{e1-ph}(\rho)$ in $H_{BP}$
instead of $H_{e1- ph}$ :
$H_{BP}=H_{e1- e1}+H_{ph}+H_{e1-p1_{1}}(\rho)$ .
For instance. we define $\rho(\alpha\cdot)$ so that $\rho(x)=0$ outside the crvstal and $\rho(x)=1$
inside the crystal. We can also define $\rho(x)$ by $\rho(x)\equiv\rho_{Q}(x)$ . where $p_{Q}(x\cdot)$ $:=1$
if $x=2Q:\rho_{Q}(x)$ $:=0$ if $x\neq 2Q$ . For $\rho(x)\equiv 1$ the Hamilt,onian $H_{e1-e1}+H_{ph}+$
$H_{e1-ph}(\rho)$ becomes the original $H_{BP}$ .
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2Spatial Localization in Weak-Coupling Regime
We define a $posit_{I}ive$ constant $E_{w}(c)’)$ by
$E_{w}(0\cdot)$ $:=4 \sum_{k}|V_{k}|^{2}=\frac{4\sqrt{2}\alpha}{\pi}K=\frac{8\sqrt{2}ck}{\Lambda}$ (2.1)
for every $\alpha>0$ , where $\Lambda$ is a wave length defined by A $:=2\pi/K$ .
When $H_{BP}$ has a ground stat,$e\Psi_{0}$ , we define the distance $d_{BP}(\Psi_{0})$ between
t,he two electrons in bipolaron by
$d_{BP}(\Psi_{0})$ $:=\langle\Psi_{0}|\Psi_{0}\rangle^{-1}\langle\Psi_{0}||x_{1}-x_{2}||\Psi_{0}\rangle$ . (2.2)
We sav that the $re_{\wedge}lati_{t\prime}\epsilon^{l}$ motion of the bipolaron in a bound state $\Psi_{n}$ is spatially
localized in the closed ball $\overline{B}(r)$ if $d_{BP}(\Psi_{0})\leq r$ .
Using and developing Lieb’s idea [10], we can show that the relative motion
of the bipolaron in a ground state is not spatially localized in $\overline{B}(r)$ . provided
that the ground state exists under the condition:
$E_{\backslash \backslash }.( \alpha)<\frac{U}{r}$ $( i.e..0\leq 1-\frac{\Lambda}{8r}<\eta)$ . (2.3)
3 Bipolaron Formation
We consider the original $H_{BP}$ (i.e.. in the case $\rho(x)\equiv 1$ ) in the strolrg-
coupling regime in this section. We derive two effective Hamiltonians from
$H_{BP}$ by $nlodif_{Y^{r}}ing$ Bogolubovs nxethod [11]. which is similar to $Ada\cdot nlowskis$
[5] and ours [12].
We find a canonical transformation $U_{\theta}$ with tlre parameter $\theta\geq 0$ so $that_{1}$
$H_{BP}(\theta)$ $:=U_{\theta}^{*}H_{BP}U_{\theta}=H_{eff}(\theta)+H_{ph}+H_{e1-ph}(\theta)+\Sigma_{\theta}$ . where $H_{eff}(\theta)$ is an
effective HamiltOnian in quantum mechanics. and $\Sigma_{\theta}$ a divergent energy as
$\thetaarrow\infty$ . Then. we make the effective Hamiltonian $H_{eff}(\theta)$ should have an
attractive potential $V(\theta)$ from the phonon field as $H_{eff}(\theta)=H_{e1-e1}+V(\theta)$ . By
the help of this extra attractive potential $V(\theta)$ . we expect a critical point. $\theta_{c}$ so
that the Hamiltonian $H_{eR}(\theta)$ itself or the Hamiltonian $H_{eff}^{1e1}(\theta)$ for the relative
motion of $H_{eff}(\theta)$ has a ground state if $\theta>\theta_{\zeta}.$ . On the other hand. it has no
ground st.ate if $\theta<\theta_{c}$ .
We can show that the approximation $(1.\theta)$ yields an effective Hamiltonian




$U( \theta)=U-\sqrt{2}\alpha\theta=\sqrt{\underline{9}}0\cdot(\frac{1}{1-\eta}$ $\theta)$ . (3.2)
Clearly $\theta_{c}=1/(1-\eta)$ .
Let $c_{*}$ be an arbitrary constant so $that|0<c_{*}<1$ . $\backslash \lambda’e$ set $c_{BP}$ as:
$c_{BP}$ $:= \frac{2}{5}(c_{*}-\frac{1}{\theta(1-\eta)})^{2}$ . (3.3)
Then. the effective Hamiltonian $H_{eR}(\theta)$ in Eq.(3.1) leads us to an upper bound
to $E_{BP}$ as:
$E_{BP} \leq-c_{BP}\alpha^{2}\theta^{2}+\frac{\sqrt{2}0\prime\theta}{\pi}(4K+\frac{K^{3}}{3})$ , (3.4)
provided that
$1- \frac{1}{c_{*}\theta}>\eta$ . (3.5)
We note that the condition (3.5) prohibits us from taking the limit $\thetaarrow 0$ in
the inequality (3.4) because
$\theta>\frac{1}{c_{*}(1-\eta)}>\frac{1}{1-\eta}$
We can also show that a lower bound to $E_{BP}$ as;
$E_{BP} \geq(\vee’\varphi^{\wedge}"|1-\frac{1}{\theta}|\frac{4\sqrt{2}\mathfrak{a}\theta}{\pi}K.$ (36)
where
$\mathcal{E}_{\theta}(\hat{\Psi})$ $:=$ $\frac{1}{2}\int\int d^{3}x_{1}d^{3}x_{2}[|\nabla_{x_{1}\dot{\Psi}}(x_{1}.x_{2})|^{2}+|\nabla_{x_{2\hat{\Psi}}}(x_{1}.x_{2})|^{2}+\frac{2\sqrt{2}}{\theta(1-\eta)}\frac{|_{\dot{\forall}’}\neg(x_{1}.x_{2})|^{2}}{|x_{1}-x_{2}|}]$
$- \frac{1}{\sqrt{2}}\int\int d^{3}x_{1}d^{3}x_{2}\int\int d^{3}y_{1}d^{3}y_{2}\sum_{j.j=12}.\frac{|\varphi(x_{1:}x_{2})|^{2}|_{\hat{\Psi}}(\prime y_{1}.y_{2})|^{2}}{|x_{j}-y_{j}’|}$ (3.7)
is an energy functional describing unbalanced $state/lJ$ and $\inf_{\overline{\vee}}\mathcal{E}_{\theta}(\dagger^{\wedge})<0$ .
We can obtain another effective Hamiltonian. The approximation (1.6) yields
another effective $Ham$iltonian desc$7\dot{v}bing$ unbalanced state [1J in quantum me-
chanics:
$H_{eff}( \theta)=0^{2}\theta^{2}[\sum_{=1_{\backslash }2}\frac{1}{2}p_{j}^{2}-\sqrt{2}\sum_{j=1.2}\frac{1}{|x_{j}|}+\frac{\sqrt{2}}{\theta(1-\eta)|x_{1}-x_{2}|}]$ . $(3\cdot.8)$
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where $H_{eff}(\theta)$ is given by Eq.(3.8) and $\Sigma_{\theta}$ $:=\theta E_{w}(\mathfrak{a})/4$ . Here tlxe approximation
(1.6) breaks the translation invariance in the original Halniltonian $H_{BP}$ .
Let $E_{s}(\alpha)$ be
$E_{s}( \alpha):=(\frac{2\sqrt{2}}{r}-\frac{1}{r^{2}}-1)0^{}\theta$ (3.10)
now. Then. the effective Hamiltonian $H_{eR}(\theta)$ in $Eq.(3.8)$ has a groun.$d$ state if
there is a$7t,$ $r>0$ so th,$at$
$\frac{U}{r}<E_{s}((\})$ . (3.11)
Then, we have $\theta_{c}\leq 1/(2-\sqrt{2})(1-\eta)$ . The condition (3.11) puts restrictions
on $\theta,$ $\eta$ and $r$ . The $suffi,cient$ conditio $r\iota$ for the inequality (3.11) is:




$R_{\theta.\eta}$ $:= \sqrt{2}(1-\frac{1}{2\theta(1-\eta)})$ .
(i.e.. $\theta\approx\infty$ ). $0.585\leq r/r_{fp}\leq 3.415$ .
4 Spatial Localization in Strong-Coupling Regime
In this section we deal with the approximated $H_{BP}[\theta]$ given in Eq.(3.9). ’SVhen
a ground state $\Psi_{0}$ of $H_{BP}[\theta]$ exists. we dePne the radius $u_{BP}(\Psi_{0})$ of the sphere
in which the two electron lives by
{$r_{BP}(\Psi_{0})$ $:=nla,xj=l2\{\langle\Psi_{0}|\Psi_{0}\rangle^{-1}\langle\Psi_{0}||x_{j}||\Psi_{0}\rangle\}$ . (4.1)
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(4.2)
Tllen. we ean show that if the $bipolaro\uparrow l$ has a ground state $\Psi_{0}$ . then there is a
relation:
$u_{BP}( \Psi_{0})\geq\frac{1}{\sqrt{2}}\{1+(1+\frac{3\theta}{4})\frac{E_{\iota\backslash }((\gamma)}{\alpha_{\theta}^{2}}\}^{-1}(\frac{1}{\theta(1-\eta)}-2)$ .
Thus, even if $\eta$ approaches 1. $\theta>0$ in tlle strong-coupling regime works to
prevent its size from growing. This is a noticeable difference from the case of
the weak-coupling regime.
5 Positive Binding Energy
We obtain a sufficient condition for the binding energy being positive.
Let $\mathcal{E}_{P}(t’’)$ be the Pekar functional [13. 14. 15. 16, 17] for single polaron. i.e..
$\mathcal{E}_{P}(’\psi)):=\frac{1}{2}/d^{3}x|\nabla_{x4’’}’(x)|^{2}-\frac{1}{\sqrt{2}}/\int d_{1}^{3}xd^{3}y\frac{|?/,(\alpha’)|^{2}|\cdot \text{ }}{|x-y|}$ .
Lieb [15] proved that there is a unique and snlooth minilnizing $\eta(x)$ in $c_{c\backslash P}t^{\backslash }$ $:=$
$- \inf_{t\int 1}.\langle\langle\iota’\rangle\rangle=1\mathcal{E}_{p}(\iota i^{(}))$ up to translations. Then. according to tlle estiInate of $c_{s\cdot P}$
by Miyake [14] and by Gerlach and L\"owen [17].
$C_{4}’\backslash =0.108513\cdots$ .
Then. if $c:_{*}$ . $\theta_{:}$ and $\eta$ satisfy $c_{BP}>2c_{SP:}$ then the binding $ene\uparrow^{\backslash }gy$ is positit $|e$ .
$i.e.$ .
$E_{BP}<2E_{SP}$ (5.1)
for sufficiently large $\theta>0$ with th,$eco$ndition $(^{(}3.5)$ . Thus. we note $that\downarrow 0<$
$c_{BP}\leq 0.4$ and $\lim_{c_{*}-1.\thetaarrow\infty}=0.4$ under the condition (3.5).
According to the recent result of study [18], we might be able t,o choose
$- \inf_{\varphi,((t’’\rangle\rangle=1}\mathcal{E}_{\theta}(’\hat{Y})$ as $c_{BP}$ (i.e.. $-c_{BP}= \inf_{\vee^{\wedge}}\mathcal{E}_{\theta}(\dot{\Psi})$) so that. $2E_{SP}-E_{BP}=$
$-(2\mathfrak{c}:_{SP}-c_{BP})\alpha_{\theta}^{2}>0$ for sufficiently large $\theta>0$ , wllere $E_{\backslash P}\backslash$ is the ground
state energy of the single polaron [19].
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